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Estimations of the particular periodicity in case of the 
extremal periods in Shirshov's Height theorem 

Mikhail Kharitonov 
13 OKT5i6p5i 2011 r. 

AHHOTaU,HH 

Gelfand-Kirillov dimension of 1-generated general matrixes is {I — l)n^ + 1. The 
minimal degree of the identity of this algebra is 2n as a corollary of Amitzur-Levitsky 
theorem. That is why essential height of ^ — /-generated Pl-algebra of degree n — 
over every set of words can be bigger than [I — l)n^/4 + 1. We prove in this paper, 
that if A has finite GK-dimension, then the number of lexicographically comparable 
subwords 

1) with period 2 in every monoid of A is not bigger than (^^~^)("~^)("~^) ■ 

2) with period 3 in every monoid of A is not bigger than (21 — l){n — l)(n — 2); 

3) with period (n — 1) in every monoid of A is not bigger than (/ — 2)(n — 1). 
The cases of the words of length 2 and 3 is synthesized to the proof of Shirshov's 

Height theorem. 

Key words: Essential height, Shirshov's Height theorem, combinatorics of words, 
n-divisibility, Dilworth's theorem. 
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2 ; 1 BBe^GHHe. 

^ ■ B 1958 ropy A. H. IIlHpmoB ^^oKasaji cboio sHaMeHHxyio TeopeMy o Bbicoxe (j2], [3]). 
• I— I 

^ . Onpe^ejieHHe 1.1 HasoBCM Fl-ajire6py A ajireGpon orpaHHHeHHoli bmcotm Hty(A) 
d I Ha^ MHoacecTBOM cjioB Y = {ui,U2, ■ ■ ■}, ecjiH B.tY{A) - xaKoe MHHHMajibHoe hhcjio, 

HTO JIK)6oe CJIOBO X H3 A MOXHO npeflCTaBHTb B BHfl^e 



npHHeM {rj} orpaHHHeHbi hhcjiom Hty(A) b coBOKynHOCTH. MnoxecTBO Y nasbiBaeTca 
6a3HcoM IIInpinoBa A. 

Onpe/i,ejieHHe 1.2 Cjiobo W nasbiBaeTca n-pasGnBaeMtiM, ecjiH ero moxho npefl,CTa- 
BHTb B BH^e W = WqWi ■ ■ ■ Wn, Fflc no^cjioBa Wi, . . . , Wn ^AYT B nopaflKe jieKCHKorpa- 
(pHHecKoro y6biBaHHa. 
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TeopeMa IIlHpmoBa o BbicoTe. (j2], j3]) MHOCHcecmeo ecex ne n-pasBueaeMux CAoe 
6 KOHCHHO nopocHcdeHHOu aA3e6pe c donycmuMUM noAUHOMuaAtHUM mocHcdecmeoM umc- 
em ozpaHuneHHyK) eucomy H Had MHOotcecmeoM CAoe cmenenu ne eume n — 1. 

HHTepec K npoGjieMe ne ocjiaGeBaex, BosHHKaioT cMeacHbie Bonpocbi h nontiTKH hx 
pemeHHH: cm., nanpHMep, [SI El SI El [HI ESI EH [IS]- B pa6oTe [6j 6t.ijio nojiyneHO, hto 
BMCoxa B ycjioBHax TeopeMbi IIlHpmoBa Menbine 

= 2«^/-ni2 i°g3 "+48, 

B flaHHoii pa6oTe HccjieflyioTca bosmojkhocth nojiyneHHa tohhoh oii;eHKH. fl^Jis sxoro 
Beflexcs HccjieflOBaHHe b flByx nanpaBjieHHsx: 

1. HoHCK HaHMeHbinefl BepxHeii on;eHKH. 

2. HoHCK He n-pasGHBaeMoro cjioBa KaK mojkho Gojibinefl bbicotbi. 

yjiynmeHHa oii;eHOK b xeopeMe IIlHpmoBa o Bbicoxe, nojiyHeHHbix panee b paGoxe 
[6], HeoGxoflHMo oii;eHHTb Bt.i6opoHHyio Bbicoxy Ha^i; MHOJKecxBaMH Heij,HKjiHHecKHx cjiob 
onpe^ejieHHOH ^jinHbi. Mbi paccMaxpHBaeM cjiynafl, Kovfl^a osHaneHHaa ^jiHHa paBHa 2, 
3 H (n — 1). 3xo HMeex h caMocxoaxejibnyio n;eHHOcxt., xax KaK k neMy mojkho CBecxn 
^OKasaxejibcxBO xeopeMbi IIlHpmoBa c noMombro Ko^npoBKH. 

OcHOBHbie pesyjifaTaxfai pa6oxt.i cocxoax b cjie^^yromeM: 

TeopeMa 1.3 MaAan 6u6opoHHasi eucoma MHOcncecmea ne cuAtno n-pa36ueaeMux CAoe 
Had l-6yK6eHHUM aA(fiaeumoM omHocumeAbHO MHOotcecmea Hev^uKAUHecKux CAoe Oauhu 
2 He 6oA'bme 1l{2,l,n) , sde 

3(2.i.„)^P'-^""-^""-^). 

TeopeMa 1.4 MaAasi eu6opoHHaji eucoma MHOcncecmea ne cuAtHO n-pa36ueaeMux CAoe 
Had l-6yK6eHHUM aAcf)aeumoM omHocumeAbHO MHOotcecmea Hev^uKAUHecKux CAoe Oauhu 
2 npu (fjuKcupoeaHHOM n 6oAbme, hcm ede 

nH 

^(n,/) = — (l-o(O). 
BoAee moHHo, ^(n,/) = (/ - 2"-i)(n - 2)(n - 3)/2. 

TeopeMa 11.31 c noMoin;bio ko;];hpobkh oGoGmaexcH ;];oKa3axejibcxBa 3KcnoHeHii;Hajib- 
HOH oii;eHKH Ha cymecxBeHHyro Bbicoxy: 

TeopeMa 1.5 Cym^ecmeeHHasi eucoma l-nopoofcdeHHOu PI-aAse6pu c donycmuMUM no- 
AUHOMuaAbHUM moMcdccmeoM cmencHU n Had MHOCHcecmeoM CAoe Sauhu < n MCHtme, 
HCM T{n, I), sde 

T(n,/) = 8(/ + 1)V/. 

B paGoxe [6] Bticoxa CBoGoflHoli /-nopojKfleHHOH ajireGpti A c xojK^ecxBOM cxenenn 
n oi];eHHBaexc5i cyMMoli \l/(n, 4n, /) h cymecxBeHHoii bbicoxbi ajire6pt.i A, r^e \l/(n, (i, /) = 
2is/(nc/)3i°g3("<^)+i3(^2_ XaKHM o6pa30M, H3 xeopeMBi 11.51 BbixeKaex cjie^yiomaa 
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TeopeMa 1.6 Cym^ecmeeHHasi eucoma l-nopooHzdeHHOu PI -aAseSpu c donycmuMUM no- 
jiUHOMuaAbHUM mocHcdecmeoM cmeneHU n Had MHOOfcecmeoM CAoe dnunu < n MCHhiue, 
HCM $(n, /), zde 

$(n,/) = 8(/ + l)"+^n^ 

J\jiii Hccjie^OBaHHH o6iri;ero cjiynaH nojiesHO on;eHHTb ^jiHHy KycoHHO-nepno^HHecKHX 
cjioB c pasHMMH j^jmRSMM nepHo;i,OB. 

TeopeMa 1.7 Ma^an eu6opoHHaji eucoma MHOcncecmea ne cuAtHO n-paaBueacMux CAoe 
Had l-6yKeeHHUM aAcf)aeumoM oniHocumeAhHo MHOotcecmea Hev,UKAUHecKux CAoe Oauhu 
3 He 6oA'bme 1l{3,l,n) , sde 

n(3, /, n) = {21 - l)(n - l){n - 2). 

TeopeMa 1.8 MaAan 6u6opoHHasi eucoma MHOCHcecmea hc cuAtHO n-paaBueacMux CAoe 
Had l-6yKeeHHUM aAcf)aeumoM omnocumeAbHO Muootcecmea ne%UKAUHecKux CAoe Oauhu 
{n — 1) He BoAtme D(n — 1, /, n), sde 

2{n - lj,n) = (/ -2)(n- 1). 

Majiyio H 6ojibmyio BB.i6opoHHB.ie bbicotbi CBHSbiBaex cjie^yioBLi;aH 

TeopeMa 1.9 EoAbiuasi 6u6opoHHafi eucoma l-nopootcdeuHou Pl-aAse6pu c donycmu- 
MUM noAUHOMuaAhHUM moofcdccmeoM cmenenu n Had MHOCHcecmeoM Hev^uKAwnecKux 
CAoe dAUHU k MCHtme 2{n — l)1l{k,l,n). 

JJ^anKas oii;eHKa npaKXHHecKH nojiyneHHyio A. 51. Bcjiobbim b [12], ho nojiynena Apy- 
THMH Mexo^aMH, B HacTHocTH c HcnojibsoBaHHeM epa(f}oe Poau. Ecjih W - cjiobo na^ 
aji(|)aBHTOM A, TO k-spa(fioM Poau nasbiBaeTCH rpacj), BepBiiHHB.i Koxoporo cooTBexcxByioT 
pasjiHHHbiM no^cjioBaM cjioBa W ^^jihhbi k. Ha BepBiiHHB.i wi b BepBiiHHy W2 Be^^ex cxpejixa, 
ecjiH MaKCHMajibHB.iH cy(|)(|)HKc Wi coBna;];aex c MaKCHMajitHBiM npe(|)HKcoM W2, xo ecxB> 
Wi = aiu, W2 = ua2, r^e ai, 02 G A. 

TaKHM o6pa30M, cjioBy W oxBenaex neKoxopaa xpaexxopna b /c-rpacjae Posh. Ohkch- 
pyeM HaxypajiBHoe hhcjio k. Tor^a xeopeMv 11.51 MoacHo nepenncaxb cjieflyioBu;HM o6pa30M: 

TeopeMa 1.10 Uycmt A - aAcfjaeum Mom,Hocmu I. flAfi aw6o30 namypaAtHoso uucAa 
n HaildymcR uucAa N = N{n), d = d{n) maKue, umo na mpaenmopuu aw6o30 hc n- 
pa36ueaeM030 CAoea W nad aAc^aeumoM A e k-spa(fie Po3u naudemcH mchcc, hcm T(n, /) 
v^uKAoe dAUHU < n, no KomopuM mpaenmopuH npoxodum SoAhuie d{n) pas. 

O HHiacHHx OLi,eHKax. ConocxaBHM nojiyneHnbie pesyjibxaxbi c HHJKHeii oBi;eHKOH 
BbicoxB.1. Bbicoxa ajireGpti A ne MeHbBue ee pasMepnocxH rejibcjDaH^^a-KHpHjijioBa G'K{A). 
JXjiii ajireGpti Z-nopojK^eHHbix o6bli;hx MaxpHBi; nopa^Ka n ^aHHaa pasMepnocxb paBHa 
(/ — l)n^ + 1 (cm. |T^, a xaKJKe B xo ace BpeMH, MHHHMajibHaji cxeneHB. xoac^^ecxBa 
3XOH ajire6pBi paBHa 2n b CHJiy xeopeMbi AMHBi;ypa-JIeBHBi,Koro. Hneex Mecxo cjie/i;yioBLi;ee 

npe/],Jio>KeHHe 1.11 Bucoma l-nopoofcdcHHOu Pl-aAee6pu cmenenu m, a maKOfce mho- 
CHcecmea hc m-pa36ueaeMux CAoe Had l-6yK6eHHUM aAcfjaeumoM ne Menee, hcm (/ — 
l)mV4 + 1. 
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Sxa on;eHKa jiHHeliHa no nncjiy oGpasyiomHx /. 

HHJKHHe On,eHKH Ha HH^eXC HHJIbnOXeHTHOCTH 6l.IJIH yCTaHOBJieHL.1 E. H. KySbMHHblM 

B paGoxe j?]. Oh npHBeji npHMep 2-nopo>K^eHHOH ajireGpti c to^k^cctbom = 0, HH^eKC 
HHjiBHOTeHTHOCTH KOTopoH CTporo 6ojiBme (n^ + n — 2)/2. B TO yKe Bpena ^jia cjiynaa 
HyjieBOH xapaKxepHCTHKH h cneTHoro HHCJia oGpasyion^Hx K). H. PasMticjioB (cm., na- 
npHMep, [8]) HOJiyHHji BepxHioio on;eHKy na hh^^ckc HHjibnoTeHTHocTH paBHyio n^. 

Bjiaro/i,apHOCTH. Abtop npHSHaxejieH B. H. JlaTbimeBy, A. B. MnxajieBy, ynacT- 
HHKaM ceMHHapa "Teopna KOJien;" h ynacTHHRaM ceMHHapa MOTH no^i, pyKOBo;];cTBOM 
A. M. Paiiropo^cKoro sa BHHMaHHe k pa6oTe h jihhho A. 51. BejioBy aa Kpaflne nojiesHtie 
o6cy>K^eHHa. 

2 OcHOBHbie noHaTHa. 

Onpe^ejieHHe 2.1 Cjiobo u nasoBeM Heii;HKjiHHecKHM, ecjiH u nejibsa npe^cTaBHTb b 
BHfle , rfle k > 1, k ^ N. Cjiobsl u mv HecpaBHHMBi, ecjin oflHO m3 hhx aBjineTcs HanajiOM 
flpyroro. Cjiobb uhv nasoBeM chjibho cpaBHHMbiMH, ecjiH jiio6bie hx ii,HKjiHHecKHe cfl^HrH 

CpaBHHMbl. 

06o3HaHeHHe 2.2 nycmb ai,a2, ■ ■ ■ ,ai - 6yKeu aAcf)aeuma. SnaHeHHe 6yK6u ai cuuma- 
CM paenuM i. ai AeKCUKOspacpunecKU BoAhme aj, ecAU i > j ■ 

SaMCTHM, HTO HOHHTHe CUAhHOU CpaeHUMOCmU pasGHBaeX CJIOBa Ha KJiaCCtl SKBHBa- 
JieHTHOCTH. 

Onpe/i,ejieHHe 2.3 Cjiobo- n;HKji - neKOTopoe cjiobo u co BceuH ero cfl^BHrauH no ixHKjiy. 

Onpe^ejieHHe 2.4 Ajire6pa A HMeex cymecxBeHHyio Bbicoxy h = Hess{A^) Ha/i, Konen- 
HbiM MHoxecTBOM Y, HasbiBaeMbiM s-6a3HcoM ajire6pt.i A, ecjiH moxho Bbi6paTb xaKoe 
KOHOHHoe MHoxecTBo D G A, HTo A jiHHe&Ho npeflCTaBHMa sjieMenTaMH BHfl^a ti ■ . . . ■ ti, 
r^e I ^ 2h + 1, h \/i{ti G D y ti = y^^;yi G Y), npuHeu MHo?KecTBo xaKHx i, hto ti ^ 
D, coflepxHT He 6ojiee h ajieueHTOB. AnajiorHHHO onpe/i,ejiaeTca cymecTBeHHaa Bbicoxa 

MHOXeCTBa CJIOB. 

Onpe^ejieHHe 2.5 a) ^hcjio h nasbiBaerca Majiofl BbiGopoHHoii bbicotoh c rpaHHi^eH k 
CJIOBa W Hafl MHoxecTBOM CJIOB Z, ecjiH h - xaKoe MaKCHMajibHoe hhcjio, hto y cjioBa W 
HaHfl^cTca h nonapuo HenepeceKawmHxca ixhrjimhcckh HecpaBHHMbix nofl,cjioB BH/^a z"^, 
rfle z G Z,m > k. 

6) Hhcjio h HasbiBacTca 6ojibmofi bl.i6opohhoh bbicotoh c rpaHHii^eli k cjioBa W nafl, 

MHOXeCTBOM CJIOB Z, CCJIH h - TaKOC MaKCHMajIbHOe HHCJIOjHTO y CJIOBa W HaHfl^CTCfl 

h nonapHO nenepeceKaiomHxcsi nofl,cjiOB BHfl^a z"^, rfl^e z G Z,m > k, npHHCM coceflfiHC 

nOfl,CJIOBa H3 9TOH Bbl6opKH HCCpaBRHMbl. 

3flecb H /],ajiee: k = 2n. 

r) Cjiobo W HasbiBaexca chjibho n-pasGHBaeMbiM, ecjiH ero moxho npefl^cTaBHTb b BHfl^e 
W = WqWi ■ ■ ■ Wn, r/i^e noflcjioBa Wi, . . . , Wn haYT b nopsiflKe jieKCHKorpacj^HHecKoro 
y6biBaHHa, h Kax/i^oe h3 cjiob Wi,i = 1,2, ... ,n HaHMHaexca c HCKOToporo cjioBa zf G Z 
rfl,e Bce Zi pasjiHHHbi. 

fl) MnoxecTBo cjiob V hmcct uajiyio (6ojibuiyio) Bbi6opoHHyio Bbicoxy h nafl, hckoto- 

pblM MHOXeCTBOM CJIOB Z, CCJIH h aBJiaCTCH TOHHOH BCpXHeH FpaHbK) MajIblX (6ojIbUIHx) 
Bbl6opOHHbIX BblCOT Hafl Z CFO SJieMCHTOB. 
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FoBopa He(|)opMajibHo, jiioGoe ^jiHHHoe cjiobo ecxb npoHSBefleHHe nepHOflHHecKHx nac- 
xeii H "npoKjia^oK" orpaHHHeHHoit fljiHHM. Cyiu,ecmeeHHaji eucoma ecTh hhcjio xaKHX ne- 
pHO^HHecKHX KycKOB, a 6u6opoHHasi eucoma yHHTbiBaex tojibko KycKH onpe^ejieHHoro 
BH^a. 

s-6a3Hc HBjiHexca GasncoM IIlHpmoBa lorj^a. h tojibko Tor;i,a, KOTj\a. oh nopo>K;i,aeT 
A KaK ajireGpy. Cbssb cymecTBeHHofi bbicotbi h pasMepnocTH rejibcJ^aH^a-KHpHjijioBa 
paccMoxpena b pa6oTe [5J. 

n-pasSHBaeMOCTb h Teopeivra ^HJiyopca. SnaHeHHe noHaxHa n-pa36ueaeMocmu 
BBixo^HT 3a paMKH npoGjicMaTHKH, oTHocameHca K npoGjieMaM GepHcafi^oBCKoro Tnna. 
Oho Hrpaex pojib h npn HsyneHKH nojiHJiHHeflHbix cjiob, b oii;eHKe hx KOJinnecTBa, r^e 
noAUAUHeuHUM HasbiBaexca cjiobo, b Koxopoe KaJK^aa 6yKBa bxo^ht He 6ojiee o^ho- 
ro paaa. B. H. JlaxbimeB npHMennji xeopeMy ^Hjiyopca ^jih nojiyneHHa oi];eHKH hhc- 
jia He HBjiaioniHxca m-pasGnBaeMbiMH HOJiHjiHHeHHbix cjiob cxeneHH n nafl aji(|)aBHxoM 
{oi, . . . , an}- 3xa OH,eHKa: (m — 1)^"", h ona 6jiH3Ka k peajibHocxii. HanoMHHM 3xy xeope- 
My. 

TeopeMa ^HJiyopca: Uycmb n - Hau6oAbmee KOAUuecmeo aAeMenmoe aHmuv^enu 
dauHoso KOHeuHoso nacmuHHo ynopndoHeHHOso MHOofcecmea M. Toeda M mochcho pas- 
6um-b Ha n nonapno HenepeceKammuxcA v^eneu. 

BnepBbie npefljiojKHji npHMennxb 3xy Hfleio k HenojiHjiHHeHHOMy cjiynaio F. P. Heji- 
HOKOB B 1996 ro^y. 

3 ^OKasaxejibCTBO OLi,eHOK. 

JXajiee 6yfl,eM cnnxaxb, hxo cjioBa cxponxca na^ aji(|)aBiixoM A us 6yKB {ai,a2, ■ ■ ■ ,ai}, 
Hafl KoxopBiMH BBe^eH jieKciiKorpa(|)HHecKHH nopa^oK, npHHCM < aj, ecjiH i < j- JXji^i 
cjieflyiomHx HHJKe ^oKasaxejibcxB Gy^eM oxacflecxBiraxb GyxBti c hx HH^excaMH i (xo 
ecxb ^YflfiM HHcaxb ne cjiobo aittj, cjiobo ij). 

3.1 /^OKasaxejibCTBO TeopeMbi ll.3 

Hycxb CJIOBO W He chjibho n-pasGnBacMO. PaccMoxpHM nexoxopoe mhojkccxbo Q nonap- 
no HenepeceKaromHxca n;HKjiiiHecKiix necpaBKHMtix no^cjioB W BH^a z"^, r^e m > 2n, 
z — Hen;HKjinHecKoe ^ByGyKBennoe cjiobo. By^eM nasbiBaxb sjieMenxbi sxoro MHoacecxBa 
npedcmaeumeAsiMU, iiMea BBH^^y, hxo sxh sjicMenxbi 3bji3ioxc3 npe;];cxaBHxeji3MH pas- 

J[HHHbIX KJiaCCOB SKBHBajICHXHOCXH HO CHJIBHOH CpaBHHMOCXH. HyCXb Ha6pajIOCL. t XaKHX 

npe;i,cxaBHxejieH. HpoHyMepyeM hx bccx b nopa^^Ke nojioJKeniia b cjiobc W (nepBoe - ca- 
Moe jicBoe) HHCjiaMH ox 1 j\ot.^ Ka>K;i,OM BbiGpaHHOM npe;];cxaBHxejie b KanecxBc iioj\cjiob 
co^epjKaxca poBHo flBa pasjiHHHbix ^ByGyKBeHHbix cjioBa. 

Bbc^cm nopH^OK Ha sxhx cjioBax cjie^yiomHM o6pa30M: u -< v, ecjiH 

• U JICKCHKOrpacjDHHeCKH MCHbine V, 

• npeflcxaBHxejib, co^ep>Kain;HH u jicBee npe^cxaBHxejia, coflep>Kaiu;ero v. 

Hs He cHjiBHOH n-pasGHBacMocxH nojiynacM, hxo MaxcHMajibHoe bosmojkhoc hhcjio nonap- 
no HecpaBHHMBix sjieMCHxoB paBHo n — 1 . Ho xeopcMc 7],Hjiyopca cymecxByex pasGneHHe 
paccMaxpHBaeMBix ^ByGyKBennbix cjiob na (n — 1) n;eHB. PacKpacHM cjioBa b (n — 1) H;Bex 

B COOXBeXCXBHH C HX HpHHaflJieJKHOCXblO K H;eH3M. 



5 



BsefleM cooTBexcTBHe MejK^y cjieflyK)iri,HMH HextiptMa oGiseKTaMH: 

• HaxypajibHbiMH HHCjiaMH ox 1 ;i,o t, 

• KJiaCCaMH SKBHBajieHXHOCXH no CHJIBHOii CpaBHHMOCXH, 

• COflepJKamHMHCH B KJiaCCaX SKBHBajieHXHOCXH no CHJIbnOH CpaBHHMOCXH n,HKjiHnec- 
KHMH CJIOBaMH ^JIHHbl 2, 

• napaMH H;BexoB, b Koxopbie pacKpamenbi cflBHXH no n,HKjiy sxoro cjioBo-n,HKjia. 

ByKBBi cjioBO-n;HKjia pacxpacHM b n;Bexa, b Koxoptie pacKpamenbi c^^bhxh no n;HKjiy, 
Koxopbie c HHX nannnaioxca. 

PaccMoxpHM rpa4) F c BepmnnaMH BH;i,a {k,i), rj^e 0<k<n, 0<i^l. HepBaa 
KoopflHHaxa cooxBcxcxByex n;Bexy, a Bxopaa - GyxBe. ^bc Bepmnnbi {ki,ii), {k2,i2) coe- 
flHHJHoxcH pe6poM c eccoM j, ecjiH 

• B j-oM npe;];cxaBHxejie co^epxcnxca cjioBo-n;HKji ns 6yKB ii,i2, 

• 6yKBL.i j-ro npe;i,cxaBHxejiH pacKpamenbi b n;Bexa ki, k2 cooxBexcxBcnno. 

B HameM rpa(J)e 6yflex ne Menee (n — 1)-oh KOMnonenxbi cbsshocxh, xax xax cjioBa 
cocxoHx H3 6yKB pasHoro n;Bexa. 

HocnnxaeM nncjio pe6ep ueyKpy BepmnnaMH Buj^a n BepmnnaMH Bn^a (/c2,'^2), 

r;i,e ki,k2 - (JinKcnpoBanbi, ii,i2 - npoH3BOjibHL.i. PaccMoxpnM fl;Ba pe6pa h n I2 h3 
paccMaxpHBaeMoro MnoacecxBa c BecaMH ji < j2 c Konn;aMH b neKoxopbix Bepmnnax 
A = {ki,ii-^),B = {k2,i2i) a C = {ki,ii^),D = (fc2,'^22) cooxBexcxBenno. Tor;];a no no- 
cxpoennio o^^noBpeMenno Bbmojinaioxca nepaBencxBa < ii2,«2i < "^22- Hpn sxom, xaK 
KaK paccMaxpHBaioxca npe^cxaBnxejin KjiaccoB SKBnBajienxnocxn no cnjibnoii cpaBnn- 
Mocxn, xo o^no na nepaBencxB cxporoe. Snannx, + ^21 ^ "^12 + ^22 + 1- Tax xax Bxoptie 
Koopflnnaxbi Bepmnn orpaKHHenbi nncjioM /, xo BtinncjiaeMoe nncjio pe6ep Gy^ex ne 6ojiee 
(2/-1). 

TaK KaK nepBas Koop^nnaxa Bepmnn Mentme n, xo Bcero pe6ep b rpacjDe 6yflex ne 
Gojiee [21 — l)(n — l){n — 2)/2. TaKnM o6pa30M, xeopcMa 11.31 jioKasana. 

3.2 ^OKasaxejibCTBO TeopeMbi 11.71 

Hycxb cjioBo W ne cnjibno n-pa36nBaeMo. PaccMoxpnM neKoxopoe MnojKecxBo nonapno 
nenepeceKaiom;nxc5i n;nKjinnecKnx necpaBnnMtix no^cjioB cjiOBa W Bn^a z"^, r^e m > 2n, 
z - nen;nKjinnecKoe xpex6yKBennoe cjiobo. By^cM naatiBaxb sjicMenxbi sxoro MnoacecxBa 
npe^cxaBnxejisiMn, nMea BBn^y, nxo 3xn 3jieMenxt.i aBjiaroxca npe^cxaBnxejiHMn pasjinn- 
nbix KjiaccoB 3KBnBajienxnocxn no cnjitnon cpaBnnMocxn. Hycxb na6pajiocb t xaKHX npefl- 
cxaBnxejieii. HponyMcpyeM nx Bcex b nopa^Ke nojioxcenna b cjiOBe W (nepBoe - 6jin>Ke 
Bcex K nanajiy cjioBa) nncjiaMn ot 1 flp t. B Ka>K;];oM BbiGpannoM npe;];cxaBnxejie b Kane- 
cxBe noflCJiOB co^epjKaxca poBno xpn pasjinnnbix xpex6yKBennt>ix cjiOBa. 

BBe^eM nopH^oK na sxnx cjioBax cjieflyiom,HM oGpaaoM: 

u -< V, ecjin 

• u jieKCHKorpacJ)nnecKH Ment>me v, 

• npeflcxaBnxejib, co;];ep>Kam;nH u, JieBee npe;];cxaBHxejiJi, co;];ep>Kam;ero v. 
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Hs He CHjibHOH n-pasGHBaeMOCTH nojiynaeM, mo MaKCHMajibHoe BOSMOJKHoe hhcjio nonap- 
Ho HecpaBHHMMx sjieMeHTOB paBHo n — 1. Ho TeopeMe ^Hjiyopca cymecxByex paaGneHHe 
paccMaxpHBaeMBix xpexGyKBeHHtix cjiob na (^ — 1) n;enB. PacxpacHM cjioBa b (n — l) n;Bex 
B cooxBexcxBHH c Hx npHHa^JieJKHOcxBK) K n;en5iM. 

PaccMoxpHM xenepb yace opHeHXHpoBaHHbm rpa(|) G c BepniHHaMH BH^a {k,i), rj^e 
0<k<n, 0<i^l. HepBaa Koop;i,HHaxa oGosHanaex ii;Bex, a Bxopaa - 6yKBy. Pe6po c 
HeKomopuM eecoM j bbixo^hx h3 {ki,ii) b (^2,^2), ecjiH fl^jis neKoxoporo 

• B j-oM npe^cxaBHxejie co^epacHxcH cjioBo-n;HKji 21^2^3, 

• 6yKBL.i ii,i2 J-ro npe^cxaBHxejiH pacKpameHbi b n;Bexa ki, k2 cooxBexcxBeHHO. 

TaKHM oGpasoM, rpa(|) G cocxohx hs opHeHXHpoBaHHbix xpeyrojibHHKOB c peGpaMH oflH- 
HaKOBoro Beca. O^^naKo, b oxjiHHHe ox rpacjia F h3 ;i,oKa3axejit.cxBa xeopeMbi ll.3[ Moryx 
noHBjiaxbCH KpaxHbie pe6pa, xo ecxB pe6pa c oGmHMH HanajioM h kohij,om, ho pasHbiM 
BecoM. /I,Ji3 ^^ajiBHeflmero flOKaaaxejiBcxBa naM noxpeGyexca 

JTeMMa 3.1 (OcHOBHaa) IJycmb A, B u G - eepmuHU epacfja G,A^B^G^A 
- opueHmupoeaHHUU mpeyeoAtnuK c pe6paMU ueKomopodo eeca j , npoMC moeo, cymecm- 
eywm dpysue pe6pa A ^ B,B ^ G,G ^ A c eecauu a, 6, c coomeemcmeeHHO. Tosda 
cpedu a, 6, c ecmh hucao, BoAhmee j . 

► Ox npoxHBHoro. Ecjih ^Ba HHCJia hs Ha6opa a, b, c paBHbi ^pyr ^pyry, xo a = 
b = c = j, xaK KaK b npoxHBHOM cjiynae ecxt. 2 xpeyrojitHHKa A ^ B G A, b 
KajKflOM H3 Koxopbix Beca Bcex xpex pe6ep coBna^aiox Me>K^y co6oh. Tor^a b Q ecxt. 
^Ba He cHjiBHo cpaBHHMbix cjioBa, Hxo HpoxHBopeHHx oHpe^ejieHHK) Q. Bes OrpaHHHeHHH 
o6n];HocxH, hxo a HanGojiBmee h3 HHceji a, b. PaccMoxpHM xpeyrojibHHK h3 pe6ep Beca 
a. 3xox xpeyrojiBHHK 6yfl,eT hmcxb oGmym c AABG cxopony AB h HCKoxopyio xpexbio 
BepniHHy G'. Ecjih Bxopaa Koop^^nnaxa xohkh G' coBHa;];aex co Bxopofi Koop;i,HHaxoH 
xoHKH G (xo ecxb coBHajiH cooxBexcxByion^He C h C" GyKBbi aji4)aBHxa), xo AABG h 
AABG' cooxBexcxByiox ne chjibho cpaBHHMbiM cjioBaM hs MHoxcecxBa Q. CnoBa nojiyneno 
npoxHBopeHHe c onpe^^ejienneM MHoxcecxBa Q. Ho npe;i,nojio>KeHHio a < j, a sHannx, h3 

MOHOXOHHOCXH I^BCXa /c^ (ncpBOH KOOp^HHaXbl BepmHHL.1 A) CJIOBO lAiBic'i cocxaBjieHHoe 

H3 Bxopbix KoopflHHax BepniHH A, B, G' cooxBexcxBCHHO, jieKCHKorpa(|)HHecKH MeHbine 
cjioBa iA'i-B'ic- SnanHx, ic" < ic- Tor^a cjiobo isic' JieKCHKorpacjDHHecKH MCHBine cjioBa 
isic- H3 MOHOXOHHOCXH H;Bexa kB nojiynacM, hxo b > a. IIpoxHBopeHHe. M 

SaBepmeHHe /^OKasaTejibCTBa xeopeMBi 11.71 

PaccMoxpHM xenept rpacj) Gi, HojiyHeHHbiii h3 rpa(|)a G 3aMeHOH Me>K^y Ka>Kflt.iMH 
flByMa BepniHHaMH KpaxHtix pe6ep na pe6po c HaHMCHBinHM bccom. Tor^a b rpacjDe Gi 
Bcxpexaxca pe6pa Bcex bccob ox 1 ^o t. 

HocHHxaeM hhcjio pe6ep h3 BepniHH BH^a (^1,21) b BepniHHbi BH^a {k2,i2), r^e ki, k2 
(|)HKCHpoBaHi.i, ii,i2 HpoH3BOJibHt.i. PaccMoxpHM fl;Ba pe6pa H3 paccMaxpHBaeMoro mho- 
jKecxBa c BecaMH ji < j2 c KOHH;aMH b ncKoxopbix Bepmnnax (/ci, iij, (^2, "^21) h {ki, ii^), {k2, 122) 
cooxBexcxBCHHO. Tor^a ho Hocxpoennio ii^ < ii2,i2i ^ "^225 npnneM, xaK KaK paccMaxpn- 
BaioxcH Hpe;];cxaBHxejiH KjiaccoB sKBHBajienxHocxn ho chjibhoh cpaBHHMocxH, xo o^ho h3 
HepaBCHCXB cxporoe. TaK KaK Bxopbie Koop^^nnaxbi BepniHH orpanHHenbi hhcjiom I, xo 
BbiHHCJiaeMoe hhcjio pe6ep 6y^ex ne 6ojiee 2/ — 1. 

TaK KaK HepBaa Koop^nnaxa Bepmnn MCHbine n, xo Bcero pe6ep b rpa(|)e 6y^ex ne 
6ojiee (2/ — — l){n — 2). TaKHM o6pa30M, xeopeMa 1 1 . 71 iioKa3aHa. 
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3.3 ^OKasaTejibCTBO TeopeMbi 11.8 

HycTb cjioBO W He n-pasGnBaeMO. Kax h npeac^e, paccMoxpHM neKoxopoe MHoacecxBO 
nonapHo nenepeceKaiomHxca HecpaBHHMbix ho^cjiob cjioBa W BH^a z"^, r^e m > 2n, z - 
{n — l)-6yKBeHHoe Hen;HKjiHHecKoe cjiobo. By^eM naabiBaxb sjieMenxbi 3xoro MHoacecxBa 
npedcmaeumeAsiMU, hmch BBnpy, hto 3xh sjieMenxbi aBjiaioxcH npe;];cxaBHxejiaMH paa- 
JIHHHL.IX KjiaccoB sKBHBajieHXHocxH HO cHJiBHOH cpaBHHMocxH. Hycxb HaGpajioct. t XaKHX 
npe^cxaBHxejiefl. HpoHyMepyeM hx Bcex b nopa^^xe nojioacenHH b cjiobc W (nepBoe - 
GjiHJKe Bcex k nanajiy cjioBa) HHCjiaMH ox 1 fl^o t. B KayKflpu BbiGpaHHOM npe;];cxaBHxejie 
B KanecxBe no;];cjioB coflepacaxca poBHo {n — 1) pasjiHHHoe {n — l)-6yKBeHHoe cjiobo. 
BBe^eM nopa^oK na sxhx cjioBax cjieflyiomHM oGpaaoM: u -< v, ecjiH 

• u jieKCHKorpa(|)HHecKH Menbine v 

• npe;i,cxaBHxejib, co;];ep>Kaiii;HH u jieBee npe;];cxaBHxeji5i, co;];ep>Kaiii;ero v. 

Hs He CHJIBHOH n-pasGHBaeMocxH nojiynaeM, hxo MaKCHMajibHoe BosMOJKHoe hhcjio nonap- 
Ho HecpaBHHMbix sjieMeHxoB paBHo n — 1. Ho xeopeMe /],Hjiyopca cymecxByex pasGneHHe 
paccMaxpHBaeMBix (n — l)-6yKBeHHt.ix cjiob na [n — 1) n;enbio. PacKpacHM cjioBa b (n — 1) 
ii;Bex B cooxBexcxBHH c HX npHHafljiejKHocxBK) K n;en5iM. PacKpacHM no3Hij,HH, c Koxopbix 
naHHHaioxcH cjioBa, b xe ace ij,Bexa, hxo h cooxBexcxByiomHe cjiOBa. 

PaccMoxpHM opHeHXHpoBaHHbiH rpacj) G c BepniHHaMH BH^a {k,i), r^e < k < n,0 < 
i ^ I. HepBaa Koop^nnaxa oGosnanaex n;Bex, a Bxopaa - 6yKBy. 

Pe6pO C HeKOXOptlM BeCOM j BBIXO^HX H3 {ki,ii) B (fc2,'^2); ecjiH 

• fljia HeKoxoptix 1^,14, ... ,in-i b j'-om npe^cxaBHxejie co^epjKHXCH cjiobo-i];hkji 
iii2 ■ --in-i, 

• no3Hii;HH, Ha Koxopbix cxoax 6yKBL.i ii,i2 pacKpamenbi b ii;Bexa ki, k2 cooxBexcxBen- 

HO. 

TaKHM o6pa30M, rpacj) G cocxohx h3 opHenxHpoBaHHbix n;HKjioB ^jihhbi (n — 1) c pe6- 
paMH oflHHaKOBoro Beca. Tenepb HaM xpeGyexcH naiixH noKa3axejib, Koxopbifl 6l.i cxporo 
MOHOXOHHO poc c noHBjieHHeM KaJK^oro HOBoro npe^cxaBHxejia npn ^BHJKeHHH ox nana- 
jia K KOHn;y cjioBa W. B xeopeMe 11.71 xaKHM noKa3axejieM 6l.ijio hhcjio HecoKpaxHMbix 
pe6ep rpacj)a G. B flOKa3axejiBcxBe xeopeMbi 11.81 6y^ex paccMaxpHBaxbca cyMMa Bxoptix 
Koop^HHax HeH30JiHpoBaHHBix BepuiHH rpa(j3a G. HaM noxpeGyexca 

JleMMa 3.2 (OcHOBHaa) IJycmh Ai, A2, . . . , An-i — eepmuHu spacfia G, Ai — )■ — )■ 
■■■—)■ An-i — 7- y4i - opueHmupoeaHHuu ii,uka Oauhu {n — 1) c pe6paMu HeKomopoeo eeca 
j. Toada ne naudemcH dpyzozo ii,UKAa uecncdy eepmunaMU Ai, A2, . . . , A^-i odnogo eeca. 

► Ox npoxHBHoro. PaccMoxpHM HaHMeHbinee hhcjio j, fljia Koxoporo namejiCH ^pyrofi 
oflHon;BexHt.iH i];hkji Me>K;i,y BepniHHaMH ii,HKjia H;Bexa j. B CHjiy MHHHMajibHocxH j mojkho 
CHHxaxb, Hxo 3XOX h;hkji HMeex H;Bex k > j. Hycxb h;hkji H;Bexa k HMeex bh^ 
Aj^, Aj^,..., r^e {jp}pZl = {1, 2, . . . , n - 1}. Hycxt ij) - Koop^nnaxa Bep- 

mHHL.1 Aj. PaccMoxpHM HaHMeHbinee hhcjio g G N xaxoe, hxo ^jih nexoxoporo r cjiobo 
hJjr+i ' ' ' hr+q-i JieKCHKorpa(|)HHecKH Gojibine cjioBa ijjj^+i ■ ■ ■ ij^+q-i (3flecb h ^ajiee cjio- 
jKeHHe HHJKHHx HHfleKcoB HpoHcxo^Hx HO MOflyjiK) (n — 1)). TaKoc q cymecxByex, xax Kax 
cjroBa iii2"""'^n-i h hih2' ' ' chjibho cpaBHHMbi. KpoMe xoro, b cHjiy coBHa^cHHa 
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MHOJKecTB {jp}pZi H {l,2,...,n — 1} nojiynaeM, hto g ^ 2. Tax kek g — HaHMenb- 
mee, to ^jih jiio6oro s < q, jiioGoro r HMeeM ijjj^^^ ■ ■ -ij^+^.i = ijjj^+i ■ ■ -ij^+s-i- Tor^a 
jiioGoro s < q, jiK)6oro r HMeeM ijv+s-i = "^ir+s-i- mohotohhocth cjiob Ka>K^o- 
ro n;BeTa nojiynaeM, hto ^jih jiio6oro r ij^ij^j^^ - ■ He 6ojibme ij^ij^+i ■ ■ ■ 

SnaHHT jiioGoro r Bepno HepaBencTBO ^ ij^+q-i. Ho npe^nojiojKeHHio nafi- 

;];eTca xaKoe r, hto > ij^+q-i- Tax xax o6e nocjieflOBaTejiBHocxH {jr+g-i}=7^ 

{i-r + Q ~ 1}=7^ npo6eraiOT sjieMeHTbi MHOJKecTBa HHceji {1, 2, . . . , n — 1} no o^HOMy pa- 

n— 1 n— 1 

3y, TO ^ jr+g-1 = X] Or + " 1) (npH BBIHHCJieHHH HHCJia jr + q — 1 CyMMHpOBaHHe 

r=l r=l 

n— 1 n—1 

TaKJKe npoxo;];HT no MOflyjim {n — 1)). Ho mbi nojiynnjin ^ jr+q-i > '^{jr + 9 — 1)- 

r=l r=l 

HpoTHBopeHHe. M 

SaBepmeHHe flOKaaaTejibCTBa TeopeMti 11.81 

^jiH npoH3BOJibHoro j paccMOTpHM n;HKjit.i ^jiHHbi (n — 1) n;BeTOB j n j + 1 ^jia 
HeKOToporo j. Ha ocnoBHofl jieMMti 13.21 nan^yxcH nncjia k, i xaKne, nxo Bepmnna {k,i) 
Bxo^HT B n;HKjT n;BeTa (j + 1), no ne bxo^ht b n;HKji n;BeTa j. Hycxb n;HKji n;BeTa j coctoht hs 

n-l 

Bepmnn BH^a {k, i(j^k)), r^e A; = l,2,...,n— 1. BBe^eM Bejinnnny 7r(j) = ^ ^(j.fc)- Tor^a h3 

' k=l 

OCHOBHOH jieMML.i lX2] H MonoTonnocTH CJIOB no n;BeTaM nojiynaeM, hto 7r(j + 1) ^ 7r(j) + 1. 
TaK KaK paccMaTpHBaeMbie nepno^bi ne n;HKjiHnecKHe, to nan^^excH k xaKoe, nxo i(i^k) > 1- 
Snannx, 7r(l) > n — 1. Vj : i{j,k) ^ / — 1, a snannx, 7r(j) ^ (/ — l)(n — 1). Cjie;];oBaxejibno, 
j ^ (/ — 2){n — 1). Snannx, t ^ (Z — 2)(n — 1). TeM caMbiM, xeopeMa 11.81 joKasana. 

3.4 ^OKasaTejibCTBO TeopeMbi 11.41 

HpHBe^eM npHMep. Ha (|)opMyjiHpoBKH axoii xeopeMti cjie^yex, nxo MOJKno nojio>KHXt> I 
CKOJiB yro^no 6ojibmHM. By^eM cnnxaxt, nxo / > 2"~^. Mbi BocnojibsyeMca KoncxpyKn;H- 
HMH, npHnaxBiMH B ^oKasaxejibcxBe xeopeMbi 11.31 TaxHM oGpasoM, npon;ecc nocxpoenna 
npHMepa cBOflHxcs k nocxpoennio pe6ep b rpa(|)e na / Bepmnnax. PaaoGteM sxox npon;ecc 
na necKOJiBKO Gojitmnx maroB. Hycxt. na i-OM GojitmoM mare b npnBe^ennoM nnxce no- 
pH^Ke coe;];Hnaioxca pe6paMH cjie;];yion];ne napt.1 Bepmnn: 
(z,2"-2 + z), 

{i, 2"-2 + 2"-3 + i), (2"-2 + 2"-2 + 2"-3 + i), 

(i, 2"-2 + 2"-3 + 2"-^ + i), (2"-2 + i, 2"-2 + 2"-3 + 2""^ + i), 

(2"-2 + 2"-3 + 2"-2 + 2"-3 + 2"-^ + 

(i, 2"-2 + ... + 2 + 1 + Z),..., (2"-2 + . . . + 2 + i, 2"-2 + . . . + 2 + 1 + i), 
r^e i = 2, 3, . . . , / - 2"-i + 1. 
Hpn 3xom: 

1. HnKaKoe pe6po ne 6y^ex no^cnnxano 2 pasa, xax KaK Bepmnna coe^nnena pe6paMH 
xojiBKO c BepmnnaMn, ananenna b Koxoptix oxjinnaioxca ox anaHenns b Bt>i6pannoH 
Bepmnne na nenoBxopsiomyioca cyMMy cxenenen ^bohkh. 

2. Hycxb eepmuHa muna {k,i) — Bepmnna, Koxopaa na i-OM mare coeflnnsexca c k 
BepmnnaMn, snanenna b Koxopbix Menbme snaHenna ee caMon. ^jih Bcex i 6ypyT 
Bepmnnbi xnnoB (0, i), . . . , [n — 2, i). 

PacKpacnM b k-hm n;Bex cjioBa, Koxopbie ^jih neKoxoporo i nannnaioxcH c 6yKBL.i 
xnna (A;, i) n saKannnBaioxca b 6yKBax, c KoxoptiMn Bepmnna xnna (fc, i) coe^nna- 
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exca peGpaMH na i-oM 6ojibmoM mare. IlojiyHeHa KoppeKXHaa pacKpacKa b (n — 1) 
ii,BeT, a, 3HaHHT, cjioBo CHJTBHO n-pasGHBaeMo. 

3. Ha i-oM GojiBinoM mare ocym;ecTBji5ieTca ("■~^K"~3) niaroB. SnaHHT, 

q= (/-2"~^)(n-2)(n-3)/2. 

TeM caMbiM, xeopeMa 11.41 joKasana. 

4 OLi,eHKa cymecTBeHHOH bmcotm c noMOiii,bK) xeope- 
Mbl 11.3 

Hs paccMoxpeHHsi cjiynaH nepno^oB ^jihhbi 2 c noMom;i>io KOflnpoBKH 6yKB mojkho nojiy- 
HHTB on;eHKy na cym;ecTBeHHyio Bbicoxy, Koxopaa 6y^eT pacxn nojiHHOMHajiBHo no HHCJiy 
o6pa3yK)m;Hx h 3KcnoHeHn;HajiBHo no cxenenn xoac^ecxBa. JX^^ 3xoro na^o o6o6m;Hxt. 
neKoxoptie nonaxna, BBe^ennbie panee. 

KoHCTpyKu,H5i 4.1 PaccMompuM aAc^aeum A c 6yKeaMu {ai, 02, . . . , a/}. BeedeM na 
6yK6ax AeKCUKoepacf)UHecKuu nopndoK: ai > aj, ecAU i > j. PaccMompuM npouseoAt- 
Hoe MHOCHcecmeo Hev^uKAUHecKux nonapno cuAhuo cpaenuMux CAoeo-v^uKAoe neKomopou 
odunaKoeou dAunu t. IIpoHyMepyeM dAeMenmu amoeo MHOOfcecmea HamypaAtHUMU huc- 
Aauu, HauuHaa, c 1. BeedeM nopsidoK na CAoeax, exodjiiu,ux e CAoeo-%UKA, CAedywut^uM 
o6pa30M: u -< v, ecAu: 

1. Caooo u — AeKCUKOzpa(puHecKU Meuhme CAoea v. 

2. CAoeo-ViUKA, codepoKau^uu CAoeo u, UMeem Mentmuu HOMep, ueM CAoeo-'u,UKA, co- 
depjfcamuu CAoeo v. 

UpoHyMepyeM menept> nosuViUU 6yKe e cAoeo-v^uKAax uucAaMu om 1 do t om uauaAa k 
KOHti^y HeKomoposo CAoea, exodsiui^eso e CAoeo-ii,UKA. 

06o3HaHeHue ^.2 1. nycmt w{i,j) - CAoeo dAunu t, Komopoe HauuHaemcH c j-ou 
6yK6u 6 i-OM cAoeo-ii,uKAe. 

2. Ilycmb KAacc X{t,l) - paccMampueaeMoe MHOMcecmeo CAoeo-ViUKAoe c eeedennuM 
Ha eso CAoeax nopsidKOM -< . 

Onpe/i,ejieHHe 4.3 HasoBOM xe Kjiacchi X, b Koxopbix ne HaHfl^exca aHTHi^enH fljiHHbi n, 
— n-xopomHMH. CooTBexcTBeHHO xe, b Koxopbix Haliflexcsi xaKaa anxHu^enb — n-njioxHMH. 

Hs xeopeMbi ^njiyopca nojiynaeM, nxo cjioBa b ra-xopomnx Kjiaccax X Moacno pac- 
KpacHxt. B {n — 1) u;Bex, xax nxo oflHon;BexnL.ie cjioBa oGpasyiox n;enB. JXajiee xpe6yexca 
ou;eHHXb nncjTO sjieMenxoB b n-xopomnx Kjiaccax X. 

Onpe^ejieHHe 4.4 JJycxb ^{t,l,n) — naHGojibuiee B03MO?KHoe hhcjio ajieuenxoB b n- 
xopouieM Kjiacce X{t, I). 

SaMenaHHe 4.5 BydeM CHumamh, nmo nepeuu apsyMenm e (pyHK%uu ■, ■) Meubvue 
mpembezo. 
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Cjieflyioiii,aa jieMMa noasojiaeT oi];eHHTi> ^(t, I, n) nepea cjiynaH MajiMx nepnoflOB. 
JleMMa 4.6 2{t, n) ^ '2{2t, /, n) 

► PaccMOTpHM n-xoponiHii Kjiacc X{2t, I). PasoSbCM bo Bcex ero cjioBO-ii;HKjiax hoshi^hh 
Ha iiapt.1 coce^HHx xaK, HTo5bi KajK^aa iio3hli,hh iioiiajia poBHO b ofxay iiapy. SaxeM pac- 

CMOXpHM ajl4)aBHT B C 6yKBaMH {hi^j}\.j^i, IipHHCM hii,n ^ ^12,321 ecjiH 

ii ■ I + ji > i2 ■ I + j2- Aji(J)aBHT B coctoht h3 P 6yKB. KajK^aa napa hoshi^hh h3 pa36He- 
HHfl COCTOHT H3 HCKOTopbix 6yKB Cj, Qj. 3aMeHHM napy 6yKB Qi, Qj SyKBoii bij. riocTynaa 
TaK fljifl Kaacfloii napbi, nojiynaeivi hobbih KJiacc X{t, P). Oh Gy^eT n-xoponiHM, Tax kslk 
ecjiH B Kjiacce X(t, /^) ecTb aHTHu;enb ^^jihhbi n h3 cjiob w{ii, ji),w{i2, j2), ■ ■ ■ ,w{in,jn), 

TO paCCMOTpHM lipOo6pa3t>I CJIOB w{ii, ji),w{i2, j2), ■ ■ ■ ,U]{in, jn) B IiepBOHaHa/IbHO B33- 

TOM Kjiacce X{2t, I). HycTb sth Hpoo6pa3bi: cjiosa w{ii, j[),w{i2, j'2), • • • , w{imj'n)- Tor^a 
cjiOBa w{ii,j[),w{i2.i J2), . . . , w{im fn) o6pa3yiOT b Kjiacce X{2t, I) aHTHH;eHb fljiHHbi n. Tlo- 
jiyneno npoTHBopenne c n-xopomecTbio Kjiacca X{2t, I). Tern caMbiM, jieMMa flOKaaana.-^ 
Tenepb oi^ckhm /, n) nepea cjiynan Majibix ajicJjaBHTOB. 

JieMMa 4.7 ^{t, f,n) ^ n(2i, Z, 2n - 1) 

► PaccMOTpHM {2n — l)-njioxoH Kjiacc X(2t, /). Mojkho CHHTaTb, hto n cjiob h3 aHTii- 
ii,enH, a hmchho, ji),w{i2, j^), • • • , HaHHHaioTca c HeieTHbix no3Hii,HH cjiobo- 
i];hkjiob. Pa3o6beM bo bccx ero cjiOBO-ii;HKjiax no3Hn;HH na napbi coceflHHx Tax, htoSm xaac- 
flaa no3Hii,Hfl nonajia poBHO b o^ny napy h nepBaa no3Hii,Hfl b KajKfloii nape 6bijia neneT- 
noH. SaTCM paccMOTpHM aji4)aBHT B c GyKBaivm {^j,j}ij=i) npHHeM 
biiji > bi,^j,^, ecjiH ii ■ I + ji > 12 ■ I + J2- AjicJ^aBHT B coctoht hs P 6yKB. ¥^ajKj\a,?i na- 
pa II03HLI,HH H3 pa36HeHHH COCTOHT H3 HCKOTOpblX 6yKB Oj, ttj. SaMCHHM liapy 6yKB Oj, ttj 

GyKBOH riocTyiiaji Tax ^jih KajK^oii napbi, nojiynacM hobbih Kjiacc /^). HycTb 
cjiOBa w{h, ji),w{i2, i2), ■ ■ ■ ,w{in, in) HepeHijiH B cjiOBa w{ii, j[),w{i2, i2), ■ ■ ■ ,w{in, j'n)- 
3th cjiOBa SyflyT o6pa30BbiBaTb aHTHn,enb fljinnbi n b Kjiacce X{t,P). TaKHM o6pa30M 
nojiynen n-njioxofi Kjiacc X{t, c tcm jkc hhcjiom sjieMeHTOB, hto h (2n — l)-njioxoH 
Kjiacc X{2t,l). Tcm caMbiM, jiCMMa ^OKa3aHa. -4 

^jiH ^ajibHeiimero paccy>K/],eHHa hcoCxo^hmo CB5i3aTb /,n) fljia nponsBOJibnoro 
nepBoro apryMCHTa n fljia nepBoro apryMCHTa, paBnoro CTcnenn abohkh. 

JieMMa 4.8 ^(i, I, n) ^ 3(2^ Z + 1, 2'{n - 1) + 1), ede s ^ Hogsl^)^. 

► PaccMOTpHM n-xopoHiHH Kjiacc X{t,l). Bbc^cm b aj[4)aBHT A HOByio 6yKBy ao, 
KOTopaa jieKCHKorpa4)HHecKH Menbme jiioSoii flpyroii 6yKBbi h3 aji4)aBHTa A. HojiyHen 
aji4)aBHT A'. B Kaacflbiii cjiobo-ii;hkji h3 KJiacca X{t, I) floSaBHM {t + l)-io, (t + 2)-io,. . . , 
2^—10 no3Hn;HH, na KOTopbie nocTaBHM 6yKBbi ao- IlojiynHjiH Kjiacc X(2*, / + 1). Oh Gyj^eT 
(2*(n — 1) + l)-xopomHM, Tax KaK b hpothbhom cjiynae b stom Kjiacce ^jih ncKOToporo 
j nattflyTca cjiOBa w{ii, j),w{i2, j), ■ ■ ■ ,w{in, j), KOTopbie oGpasyioT aHTHn;enb b Kjiacce 
X{2',1 + 1). Torm 

1. EcjiH j > t, TO cjioBa w{ii,l),w{i2,l), . . . ,w{in,l) oGpasyioT anTHn,enb b Kjracce 
Xit,l). 

2. EcjiH j ^ t, TO cjEOBa w{ii, j),w{i2, j), . ■ ■ ,w{in, j) o6pa3yioT aHTHn;enb b Kjracce 
Xit,l). 
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HojiyHeHo npoxHBopeHHe c xeM, hto Kjiacc X{t, I) — n-xoponiHii. Ten caMtiM, jieMMa 
flOKasana. M 



npe/],jio»<;eHHe 4.9 ^(t, /, n) ^ l,n + 1) 

no jieMMeEB^{t,l,n) ^ ^(2^ / + l,2'{n - 1) + 1), r^e s = ^log^ity. 
B cHjiy saMenaHHa m t < n. SnaHHT, 2^* < 2n. 
CjieAOBaTejibHo, n(2^ I + 1, 2^(n - 1) + 1) ^ n(2^ / + 1, 2n2). 
rio jieMMe 14.61 HMeeM 



n(2^ / + 1, 2^2) ^ 2ir-\ {I + 1)2, 2^2) ^ n(2^-^ (/ + 1)'', 2^^) ^ n(2^-^ (/ + 1)'', 2^') ^ 

Uo xeopeMeOl HMeeM ^(2, {I + if ',271"^) < (/ + l)^'"' ■ 4n^ < 4(/ + l)"n^ 



To ecTb ^oKasana cjie^^yiomaa 

JieMMa 4.10 n{t, I, n) < 4(/ + l)''n^. 

HtoGm npHMCHHTb jieMMy I4.1UI k ^oKaaaxejibCTBy TeopeMbi ll.5[ TpeGyexca on;eHHTt. 
HHCjio no;];cjioB He n-pasGnBaeMoro cjioBa c oflHHaKOBbiMH HepnoflaMH. 

JieMMa 4.11 EcAU e HCKomopoM CAoee W HaudymcR {2n — 1) nodcAoe, e Komopux ne- 
puod noemopumcfi BoAhme n pas, u ux nepuodu nonapno He cuAhHO cpaenuMU, mo W - 
n-pa36ueaeMoe. 

► IlycTb B HeKOTopoM cjiOBe W HaH;];yTca (2n— 1) ho^cjiob, b KOTopbix nepnofl, hobtophtch 
GojiBHie n pas, h hx HepHo;];t.i Honapno ne chjibho cpaBHHMbi. IlycTb x — nepHo^i; oflfio- 
ro H3 3THX no^cjioB. Tor^a b cjioBe W naii^yTca HenepeceKaioin;Hec5i no^cjioBa x^^v[, . . . , 
xP^"-'^V2n-i, r^e pi, . . . , p2n-i — HeKOTopbie HaTypajibHbie HHCJia, GojitniHe n, av[, . . . , f 2„_] 
— HeKOTopbie cjioBa ^jihhbi cpaBHHMBie c x. Tor^a cpe^H cjiob v[, . . . , f2„_i Hafi^yTCH 
jih6o n jieKCHKorpa(|)HHecKH 6ojibmHx x, jth6o n jieKCHKorpacJjHHecKH MeHBinnx x. Mo>k- 
Ho cHHTaxB, HTo v[, . . . ,v'^ — jieKCHKorpa(|)HHecKH GojiBine X. Tor^a b cjioBe W nafi^yTcs 
noflCJiOBa v[,xv2, ■ ■ ■ , H^ymne cjieBa nanpaBO b nopa^xe jieKCHKorpa(|)HHecKoro 

y6t>iBaHHH.-< 

Hs 3TOH jieMMbi nojiynaeM cjie^cTBHe 11.91 

PaccMoxpHM He n-pasGHBaeMoe cjiobo W. Ecjih b hcm Hafi^excji no;];cjioBo, b KOTopoM 
Heii;HKjiHHecKHH nepHo^i; x ;];jihhl.i ^ n noBxopHTCH Gojibine 2n pas, to b cjiobc noflCJioBa, 
KOTopbie HaHHHaioTCii c neBOH, BTopofi, . . . , n-oii nosHn;HH, nonapno cpaBHHMbi. SnaHHT, 
CJIOBO x^" HBjiHeTca n-pas6HBaeML.iM. IIojiynaeM npoTHBopenne c ne n-pas6HBaeMOCTbio 
cjioBa W. Hs jieMM H?TT] n 14.10) nojivnaeM. nxo cyniecxBennaa Bbicoxa cjioBa W Mentme, 



neM {2n - 1) E "^{tJ^ri) < 8{l + l)"n^. Snannx, T(n,/) < 8(/ + l)"n^. TeM caMbiM, 
t=i 

xeopeMa 11.51 ppKasatia. 
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